Abstract. Multiplicative regularization solves a linear inverse problem by minimizing the product of the norm of the data misfit and the norm of the solution. This technique is related to Tikhonov regularization with the parameter chosen to make the data misfit and regularization terms (of the Tikhonov objective function) equal. This suggests a heuristic parameter choice method, equivalent to the rule previously proposed by Reginska. Reginska's rule is well defined provided the data is sufficiently close to exact data and does not lie in the range of the operator. If a sufficiently large portion of the data error lies outside the range of the operator, then the solution defined by Reginska's rule converges weakly to the exact solution as the data error converges to zero. The regularization parameter converges to zero like the square of the norm of the data noise, leading to under-regularization for small noise levels. Nevertheless, the method performs well on a suite of test problems, as shown by comparison with the L-curve, generalized cross-validation, quasi-optimality, and Hanke-Raus parameter choice methods. A modification of the approach yields a heuristic parameter choice rule that is provably convergent (in the norm topology) under the restrictions on the data error described above, as long as the exact solution has a small amount of additional smoothness. On the test problems considered here, the modified rule outperforms all of the above heuristic methods, although it is only slightly better than the quasi-optimality rule.
1. Introduction. The most popular regularization methods for inverse problems are based on optimization, with the objective function consisting of two parts. The first part measures how well the proposed solution fits the given data, and the second part (the regularization term) penalizes undesirable properties of the proposed solution (such as a large norm or nonsmoothness). Typically these two terms are added together with a weighting parameter multiplying the regularization term. A large parameter implies more regularization (that is, a smaller or smoother solution). The classic method of Tikhonov regularization, which we now describe, is a prime example of this approach.
We will discuss linear inverse problems of the form T x = y, where T : X → Y is a bounded linear operator and X and Y are Hilbert spaces. We assume that there exist exact data y * ∈ Y and an exact solution x * ∈ X such that T x * = y * , that y ∈ Y is a measurement of y * , and it is desired to estimate x * by solving (in some sense) T x = y. We will assume throughout that y * = 0 (and hence also x * = 0). If the null space N (T ) is nontrivial, then we assume that x * ∈ N (T ) ⊥ . Since T x = y may not have a solution, it is natural to consider the least-squares problem
which has a unique solution x λ,y = (T * T + λI) −1 T * y for each y ∈ Y , provided the regularization parameter λ is positive. Tikhonov regularization can be viewed as replacing the unbounded operator T † with the bounded operator (T * T + λI) −1 T * . It can be shown that Tikhonov regularization is effective in the sense that x λ,y → x * as y → y * , provided λ is chosen appropriately. Since we will frequently refer to the operator T * T + λI, we introduce the notation
A significant drawback for methods such as Tikhonov regularization is the need to choose the regularization parameter. Various approaches have been proposed to address this problem; these techniques can be classified depending on what information they use about the noisy data vector y. If λ is the regularization parameter and δ = y − y The L-curve is a graph of the regularization term versus the residual in the data. This graph frequently has a characteristic L shape, and the corner corresponds to the point where further reduction in the residual comes only at the expense of a drastic increase in the regularization term (that is, in undesirable properties of the regularized solution). The L-curve criterion chooses the regularization parameter that corresponds to this corner (which is usually defined as the point of maximum curvature of the L-curve in a log-log plot).
GCV, which applies when Y is a finite-dimensional space, is based on minimizing an estimator of the predictive mean-square error T x λ,y − y * 2 Y , the residual with respect to the exact data y * . This estimator is
where m is the dimension of Y (see [6, section 4.5] ). The quasi-optimality criterion chooses the regularization parameter to minimize
This parameter choice method was apparently developed without a strong intuitive or theoretical basis; in fact, Morozov [23, pp. 239-240] wrote, "Unfortunately, it has not been possible to justify this technique for choosing the parameter although it is widely used for unstable problems." However, Kitagawa [21] and Hansen [13] have shown that the quasi-optimality approach seeks to approximately minimize the total error in x λ,y . Kindermann and Neubauer [20] proved that the method is convergent under certain assumptions on the spectral properties of the noise in the data. In the case that T is a compact operator, these assumptions imply that the Fourier components of the noisy data do not decay to zero too quickly (that is, that the noisy data has significant high-frequency content). Neubauer generalized these results to a family of abstract regularization methods in [24] . Hämarik, Palm, and Raus [10] provide an analysis of a family of minimization-based strategies that include the quasioptimality approach. Their results show that the quasi-optimality method converges at an optimal worst-case rate provided the minimum value of ψ λ satisfies ψ λ ∼ δ/ √ λ. However, it is not clear how to guarantee this condition. (The result of [10] is similar to that of Hanke-Raus, described in the next paragraph and in more detail following Theorem 8 below.)
The Hanke-Raus [12] rule chooses λ > 0 to minimize
that the noise in the data is of a certain type. Specifically, suppose λ = λ(y) is chosen by minimizing a functional ψ(λ, y) and that the regularized solution is denoted by R λ y. It is assumed that y → y * in such a way that
(that is, that only data y that satisfy (5) are admitted) and also that ψ satisfies
Under these assumptions, Kindermann proved that the parameter choice rule is convergent. In [19] , Kindermann extended his analysis to finite-dimensional problems, deriving results that are independent of the discretization. In addition to the HankeRaus and quasi-optimality rules, he extended the analysis to the GCV rule, although obtaining only partial results. Each of the methods described above has its own difficulties. The obvious problem with Morozov discrepancy principle is that a good estimate of the error in the data may not be available. While the L-curve criterion works well for many problems, it has been shown to perform poorly on certain problems (see [31] , [11] ), and there is little theory supporting this approach. For a discussion of the strengths and weaknesses of the L-curve criterion, see section 4.5 of the book by Engl, Hanke, and Neubauer [6] , which also discusses the other heuristic methods considered here. The GCV functional is often nearly constant near the minimizer and can have multiple nearby local, nonglobal minimizers. The quasi-optimality method requires minimization of a function that frequently has multiple local minima (see [15, p. 183] ); moreover, according to the authors' tests, sometimes two local minima give similar values of the objective function. Recent work by Raus and Hämarik [26] does show that one of the local minimizers of the quasi-optimality function is always pseudo-optimal, that is, its error is at most a constant times the sum of the regularization error and the perturbation error. They also propose algorithms for computing a good local minimizer.
Because of the difficulties associated with choosing an appropriate regularization parameter, van den Berg, van Broekhoven, and Abubakar [30] (see also [1] ) proposed incorporating the regularization penalty into the objective function by multiplying the data misfit term by it, rather than by adding it. In our context, this implies seeking a nonzero local minimizer of
This approach, which is described in detail below, does not require any regularization parameter and therefore avoids the problems discussed above. We will refer to this approach as multiplicative regularization. The work in [30] and [1] was in the context of total variation regularization, and the authors provided examples showing that the approach can work well in practice.
As we will show below, multiplicative regularization is closely related to a heuristic parameter choice rule for Tikhonov regularization, namely the rule that chooses λ > 0 to satisfy the fixed point equation
Assuming such a value of λ exists, it depends on y only, not on δ; in other words, (7) defines a heuristic parameter choice rule that we will denote by λ = Λ(y). Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Reginska [27] analyzed a similar approach to regularization. She defined an objective function
and proposed choosing λ by minimizing this function. (More generally, she also considered minimization of φ β (λ) = x λ,y 2β X T x λ,y − y 2 Y for β > 0.) It is easy to see that any stationary point of φ satisfies (7), and therefore Reginska's formulation leads to the same parameter choice rule as does multiplicative regularization.
Multiplicative regularization has been studied in the Ph.D. dissertation of Orozco Rodríguez [28] . He compared the performance of multiplicative regularization with the L-curve criterion for an image deblurring problem and, emphasizing the original formulation as an optimization problem, derived conditions for the existence and identification of a nontrivial minimizer of J(·; y).
The purpose of this paper is to provide an analysis of (7) and, in particular, show that it is convergent under a simple restriction on the noise. Specifically, if R(T ) is a proper subspace of Y , y ∈ R(T ), and y converges to y * in such a way that the angle that y makes with R(T ) is sufficiently large, then Λ(y) ∼ y − y * 2 Y as y → y * (here Λ(y) denotes the solution of (7)) and x Λ(y),y → x * weakly as y → y * (see Theorem 7). We can obtain this result because the assumptions on data mean that an estimate of δ such that δ ≥ y − y * Y is implicitly available (although not used directly).
As is well known, to guarantee that x λ,y → x * strongly, λ must be asymptotically larger than y − y * 2 Y ; specifically, we need
We can improve on the weak convergence offered by (7) by modifying the fixed point equation to
where µ ∈ (1/2, 1) is a constant. We will show that if the true solution x * has some extra smoothness (for instance, if x * ∈ R(T * ) or more generally
for some c > 0 and hence
Moreover, we can derive the worst-case rate of convergence of x Λµ(y),y to x * , which turns out to be optimal for ν ∈ (0, 1/2) and suboptimal for ν ≥ 1/2. Once again, we must assume that y → y * in such a way that y ∈ R(T ) and y does not follow a path that is tangent to R(T ) as it approaches y * . The convergence results just described suggest that the parameter choice rules defined by (7) and (8) case y must lie in R(T )). More generally, the same difficulty is encountered if T x = y is discretized as Ax = y (A ∈ R m×n ), where y lies in col(A). For problems presenting this issue, we propose to ensure that the discretization satisfies m > n, where m is the number of data samples collected. Implemented in this fashion, (7) and (8) appear to be effective even for such problems.
As noted above, (7) is essentially equivalent to Reginska's approach. However, it is emphasized that the rule (8) is not equivalent to minimizing Reginska's modified objective function. This rule appears not to have been considered previously.
In addition to proving the theoretical results described above, we perform numerical experiments to show that these heuristic rules are effective, comparing their performance to the L-curve, GCV, quasi-optimality, and Hanke-Raus criteria on a collection of 20 test problems. We will see that (7) does work well in many cases, although not quite as well as the L-curve and quasi-optimality approaches (it seems clearly superior to the GCV and Hanke-Raus methods, at least on our test problems). However, for µ close to but smaller than 1, (8) defines a parameter choice rule that seems to outperform the L-curve, GCV, and Hanke-Raus rules, and which is approximately as effective as the quasi-optimality rule.
2. Analysis of the parameter choice methods. As noted above, we assume that T : X → Y is a bounded linear operator from one Hilbert space to another, y ∈ Y is given, and x is to be determined as an approximate solution of T x = y. Multiplicative regularization determines x by solving min x∈X J(x; y), (9) where J(x; y) = x 2 X T x − y 2 Y . Similar to Tikhonov regularization, multiplicative regularization tries to identify a value of x that makes the residual T x − y small, while simultaneously not allowing x to be large. We notice, however, that (9) always has the global solution x = 0, which is not a meaningful solution to the inverse problem, so we interpret (9) as asking for a nonzero local minimizer of J.
To analyze (9), we notice that
We then have
and, assuming x = 0,
This optimality condition reduces to the pair of simultaneous equations
The first equation means that x = x λ,y for a certain value of λ; the second equation constrains that value of λ. It is a value of λ for which Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
We see that multiplicative regularization is related to Tikhonov regularization when the regularization parameter λ is chosen by the rule (10) . The reader will notice that this rule chooses λ by requiring the two terms in the regularized objective function to have equal value. Henceforth, we restrict our attention to this parameter choice method (rather than studying (9) directly). Since, as we pointed out above, (10) already arose in Reginska's work, we will refer to it as Reginska's parameter choice rule.
Given any y ∈ Y , we will always write y for the orthogonal projection of y onto R(T ) andŷ = y − y for the orthogonal projection of y onto R(T )
⊥ . We will need several standard results about Tikhonov regularization and the operator N λ defined in (3) (see, for example, Chapter 3 of [8] ):
Here is a preliminary result about Reginska's parameter choice rule.
Proof. Assume that y ∈ Y \ R(T ) is given and λ > 0 satisfies (10) . Since
It follows that if λ satisfies (10), then
and the result follows.
It follows that the most we can hope for is that (10) has a solution for all y sufficiently close to a given y * ∈ R(T ), which we prove below in Theorem 5. Writing Λ(y) for this value of λ, we will also show that, under certain restrictions on the noisy data y, Λ(y) ∼ y − y * 2 Y . Since this value of λ is too small to guarantee strong convergence of x λ,y to x * , we propose to modify (10) to where µ ∈ (1/2, 1) is a constant. We can perform much of the analysis of (10) and (17) together by allowing µ = 1 in (17) . It turns out to be easier to analyze (17) in the form
We will refer to the rule that chooses λ to satisfy (17) or (18) as the modified Reginska, or MR, rule.
We begin by showing that (18) has a solution for all y sufficiently close to y * . Equation (18) 
(applying (12) and (14)). Also,
(by (11) and (13)). Since, for µ ∈ (0, 1),
and hence that lim
Thus f µ is continuous.
To prove that (18) has a solution for 1/2 < µ < 1, we have to assume that the true solution x * = T † y * has some extra smoothness. We will use the following result. [6] . (Theorem 4.3 gives the corresponding "big-oh" estimate in the case that ν ∈ (0, 1/2), but Remark 4.19 suggests how to improve the estimate to "little-oh," as stated above.) Lemma 4.
1. There exists λ > 0 such that f 1 (λ, y * ) = 0 and f 1 (λ, y * ) > 0 for all λ in the interval (0, λ).
Then there exists λ > 0 such that f µ (λ, y * ) = 0 and f µ (λ, y * ) > 0 for all λ ∈ (0, λ).
Proof.
1. Since N
On the other hand,
(where we have used (15)). Since
and the proof is complete. 2. As before, f µ (λ, y * ) < 0 for all λ > 0 sufficiently large. Suppose first that ν ≥ 1/2 and µ > 1/2. By the preceding lemma, there exists C > 0 such that
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X > 0 and λ 2−1/µ → 0 as λ → 0 + , it follows that f µ (λ, y * ) > 0 for all λ > 0 sufficiently small. Now suppose that 0 < ν < 1/2 and µ ≥ 1/(1 + 2ν). Then
(by the previous lemma), it follows that f µ (λ, y * ) > 0 for all λ > 0 sufficiently small. In either case, the proof follows as before.
We can now prove the existence of solutions of (10) and (17) . In the following theorem, B (y * ) denotes the open ball of radius centered at y * .
Theorem 5.
1. There exist > 0 and λ
Then there exist > 0 and λ * > 0 such that for all y ∈ B (y
1. Let λ be the value from the previous lemma; then we have
and f 1 (λ, y * ) > 0 for all λ ∈ (0, λ). Since f 1 (·, y * ) is continuous, it achieves its maximum on [0, λ]; let M = max{f 1 (λ, y * ) : 0 ≤ λ ≤ λ} and define
Since f 1 is continuous, there exists 1 > 0 such that for all y ∈ B 1 (y
If y ∈ B (y * ) \ R(T ), then From now on, > 0 and λ * will have the values from the previous theorem and we always assume that µ ∈ (1/2, 1]. We define Λ µ : B (y * ) \ R(T ) → (0, λ * ) by the condition that λ = Λ µ (y) is the smallest solution of (18) in (0, λ * ). When µ = 1, we will sometimes write Λ(y) in place of Λ 1 (y).
Proof. We will write λ n = Λ µ (y n ) for each n ∈ Z + . Since {λ n } ⊂ (0, λ * ), without loss of generality, there existsλ ∈ [0, λ * ] such that λ n →λ. Since f µ is continuous, it follows that lim
But f µ (λ n , y n ) = ŷ n 2 Y → 0 as n → ∞ and therefore f µ (λ, y * ) = 0. Since the only value λ ∈ [0, λ * ] such that f µ (λ, y * ) = 0 is λ = 0, it follows thatλ = 0 and Λ µ (y n ) → 0 as n → ∞.
We now define
where s ∈ (0, 1) is a constant. Notice that if y ∈ S, then the angle θ between y and R(T ) satisfies sin (θ) ≥ s. We can now prove that (10) and (17) define convergent parameter choice rules if y approaches y * from within S.
Theorem 7. 1. Let s satisfy 1/2 < s < 1 and consider S = S y * , ,s . If {y n } ⊂ S and y n → y * , then
x Λ(yn),yn → x * weakly as n → ∞.
Suppose x * ∈ R((T
For any s > 0,
where now the convergence is in the norm topology. Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Proof.
1. We must show that there exist constants c 1 > 0 and c 2 > 0 such that
To prove that such a constant c 1 exists, we argue by contradiction and assume (without loss of generality) that
For any y ∈ Y , we have x λ,y = x λ,y − x λ,y * + x λ,y * = N −1 λ (y − y * ) + x λ,y * and therefore, applying (11) and (16),
We apply this inequality to y = y n with λ = λ n = Λ(y n ). Then, since
we obtain
It follows that for any δ > 0,
Y for all n sufficiently large.
On the other hand, we have
Therefore,
and we obtain
Moreover, this must hold for all δ > 0. Since s > 1/2 by assumption, this is a contradiction. It follows that there must exist c 1 > 0 such that 
Still writing λ n = Λ(y n ), x λn,yn → x * weakly implies that
It follows that there exists n 0 sufficiently large that
X for all n ≥ n 0 .
Since x λn,yn is the minimizer of
Moreover, we have T x λn,yn − y n 2 Y = λ n x λn,yn 2 X . Therefore, for n ≥ n 0 ,
It follows that there exists c 2 > 0 such that λ n ≤ c 2 y n − y * 2 Y for all n ∈ Z + and the proof is complete. 2. We must show that there exist constants c 1 > 0 and c 2 > 0 such that
To prove that such a constant c 1 exists, we argue by contradiction and suppose that there exist s > 0 and {y n } ⊂ S = S y * , ,s such that y n → y * and λ n = o( y n − y * 2µ
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Since λ n = o( y n − y * 2µ Y ), it is easy to see that each of the three terms on the right is o( y n − y * 2 Y ). Therefore, there exists a sequence {α n } of positive numbers such that α n → 0 and λ
It follows that
Since α n → 0 and s > 0, this is impossible; thus we have obtained the desired contradiction. This shows that there exists c 1 > 0 such that
Because µ ∈ (0, 1), it follows immediately that
Therefore, by the standard theory of Tikhonov regularization (for example, Theorem 3.19 of [8] ), y n → y * , λ n → 0, and
Now we wish to show that there exists c 2 > 0 such that
We will argue by contradiction and assume, without loss of generality, that 
We have
which implies that
Since x λn,yn → x * as n → ∞, we will obtain the desired contradiction if we can prove that
Next, we show that
We must consider two cases. If 0 < ν < 1/2, then Lemma 3 yields
which, in turn, implies that
If ν ≥ 1/2 and µ > 1/2, then Lemma 3 implies that
and the result holds in this case also. We also have
It then follows from (19) that We now derive the rate of convergence for the MR rule. We note that, for x * belonging to R((T * T ) ν ), 0 < ν < 1, the optimal worst-case rate of convergence of x λ,y to x * is
and it is x λ,y − x *
Y ) if ν = 1 (see, for instance, [6] or [8] ). For x * ∈ R((T * T ) ν ), Theorem 7 shows that the MR rule is guaranteed to be convergent if µ satisfies 1 1 + 2ν
The following theorem derives the corresponding rate of convergence.
for some ν ∈ (0, 1/2) and µ = 1/(1 + 2ν), then, for any s > 0, {y n } ⊂ S y * , ,s and y n → y * imply
Moreover, this value of µ gives the optimal worst-case rate of convergence for
for some ν ≥ 1/2, ∈ (0, 1/2), and µ = 1/2 + , then, for any s > 0, {y n } ⊂ S y * , ,s and y n → y *
Proof. Given µ satisfying the requirements of Theorem 7, we have
Suppose now that 0 < ν < 1/2. It is easy to show that the solution of max min{1 − µ, 2νµ} s.t. µ ≥ 1 1 + 2ν Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php is µ = 1/(1 + 2ν), which yields min{1 − µ, 2νµ} = 2ν/(2ν + 1) and hence
This proves the first result. On the other hand, if ν ≥ 1/2 and µ = 1/2 + , then min{1 − µ, 2νµ} = 1/2 − , and the second result follows.
Theorem 8 suggests that the rate of convergence achieved by the MR rule can be arbitrarily close to O( y n − y * 1/2 Y ), but that this latter rate cannot be obtained. The MR rule yields the optimal worst-case rate of convergence only for 0 < ν < 1/2; for ν ≥ 1/2, the rate of convergence is suboptimal.
Hanke and Raus also use the hypothesis {y n } ⊂ S y * , ,s to analyze their heuristic parameter choice rule. In Theorem 3.1, Corollary 3.2, and Theorem 3.3 of [12] , they showed that {y n } ⊂ S y * , ,s and y n → y * imply that x λ,y → x * (in norm) when λ is chosen by the Hanke-Raus rule. Moreover, they showed that for all ν ∈ (0, 1] there exists a constant c > 0 (depending on x * ) such that
If it were possible to prove that η λ ∼ y − y * Y , this result would yield the optimal worst-case rate of convergence for all ν ∈ (0, 1]. However, this has not been proved. (We recall that there is another analysis of the Hanke-Raus rule, due to Kindermann [18] and discussed in section 1, that uses different assumptions about the allowable data. We also note that Hämarik, Palm, and Raus [10] proved an estimate of the form (21), valid for a family of minimization-based parameter choice rule that include the quasi-optimality approach. As in the Hanke-Raus estimate, δ * includes a quantity that must be of order δ to obtain the optimal rate of convergence. However, the analysis in [10] does not rely on the assumption that {y n } ⊂ S y * , ,s .)
In spite of this theoretical foundation, the Hanke-Raus rule did not perform as well in our experiments as most of the other parameter choice methods considered in this paper; in particular, it performed poorly compared to the Reginska and MR rules.
The condition that the noisy data satisfy ŷ Y ≥ s y − y Now choose z sufficiently small that
and define y n by y n = y n + z for that value of z. Since x Λ(yn),yn = x Λ(yn),y n for each n, it follows that
as desired. The fact that y − y * 2 Y /Λ(y) is only bounded (when y is restricted to lie in the set S) as y → y * suggests that (10) will produce under-regularized solutions when the error y − y * Y is small. We will perform numerical experiments to determine how it performs, in practice, on discretized inverse problems.
Before we proceed to the numerical experiments, we must deal with the fact that (10) and (17) do not define parameter values when y − y Y is too large. In this case, we wish to choose a value of λ that comes as close as possible to satisfying the fixed point equation (10) or (17) . Numerical experience suggests that we do this by minimizing
Specifically, we take the smallest local minimizer of this function as our definition of λ when (10) or (17) has no solution.
One other issue that must be addressed: If the noisy data vector y happens to lie in R(T ), then the parameter choice rules defined here do not apply-the smallest solution of either (10) or (17) is λ = 0. If we discretize T x = y to obtain a matrixvector equation Ax = y, then this problem arises when y ∈ col(A) (the column space of A). If A ∈ R m×n , rank(A) < m, and the noise in y is random, then the probability that y lies in col(A) is nearly zero and the difficulty does not arise. However, if T x = y is only mildly ill-posed, then the corresponding matrix A might have full column rank. In such a case (which we encounter in some of our numerical experiments), a discretization for which m = n is problematic. Therefore, in our experiments, we ensure that A has more rows than columns; then col(A) is a proper subspace of R m and a vector y that contains random noise is unlikely to lie in col(A). (To be clear, this was done only when necessary.) This is equivalent to choosing a discretization of the solution space X that is not too fine compared to the amount of data that can be collected.
If R(T ) = Y , then Theorem 7 does not apply; hence the theorem is not applicable to every problem. Nevertheless, by discretizing T x = y in such a way as to obtain Ax = y, A ∈ R m×n with m > n, the method appears to work even in such cases.
Each (discretized) problem is of the form Ax = y, where the exact data vector y * and solution x * are known and the dimensions m, n of the problem (A ∈ R m×n , y ∈ R m ) can be chosen. For each test problem, we chose values of m, n and then generated noisy vectors y for n v = 8 different relative noise levels
namely, δ = 2 · 10 −1 , 10 −1 , 10 −2 , 10 −3 , 10 −4 , 10 −5 , 10 −6 , 10 −7 (using the Euclidean norm). The components of the noise vector y − y * were uniformly distributed pseudorandom numbers selected from an interval centered at zero and generated by MAT-LAB (using the default random number generator in version 9.0). For each noise level, we generate n e = 10 instances of the test problem. We regard each noise level for each test problem as one experiment and ranked the parameter choice methods as described below.
We compared the solutions produced by the Reginska and MR rules with those produced by the L-curve, GCV, quasi-optimality, and Hanke-Raus criteria. The Lcurve and GCV solutions were computed using Hansen's Regularization Toolbox [14] (with one slight modification described below) and the others by Matlab code implemented in a similar manner. In particular, values of λ were sought in the interval [16 σ 1 , σ 1 ], where σ 1 is the largest singular value of A and is machine epsilon. For the quasi-optimality and Hanke-Raus criteria, the global minimizer of the corresponding objective function was chosen if it lay in the interior of the interval [16 σ 1 , σ 1 ]. Otherwise, the value of λ corresponding to the smallest (interior) local minimum was chosen. For the L-curve and GCV methods, Hansen's algorithms were used, except that the search interval was always chosen to be [16 σ 1 , σ 1 ]. (In some cases, his code would choose a more restricted interval, but our experiments showed that the larger interval gave better overall results, at least for these test problems.)
Our experiments suggest that the performance of the MR rule is relatively insensitive to the value of µ in the interval [0.85, 0.95]. For the numerical results presented here, we used µ = 0.93.
Since each experiment consists of ten trials, we have to rank the methods somehow. We used three measures:
• the mean error ratio;
• the median error ratio;
• a Borda-type count. The error ratio is defined to be the error in x λ,y divided by the error in the optimal Tikhonov solution x λ * ,y :
Note that we can compute x λ * ,y because x * is known in our test problems. The Borda count was computed as follows: the methods were ranked on each trial from first to last (with ties allowed). A method that was, for example, first three times, second six times, and third one time would have a Borda count of 3 · 1 + 6 · 2 + 1 · 3 = 18. For each criterion (including the Borda count), we define "better" to mean at least 10% better; when the difference is less than 10%, we regard the performance of the two methods as essentially the same. One method was regarded as better than another if it was better on at least two of the three measures defined above.
The one-dimensional test problems are baart, baker3, deriv2, foxgood, gravity, groetsch2.3, groetsch2.5, heat, ilaplace, indramm, phillips, shaw, spikes, Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php ursell, wazwaz2, and wing, and the two-dimensional problems are WangXiao, Gaussian2Dver1, Gaussian2Dver2, and LogisticKernel2D. The appendix contains a description or a reference for each test problem.
Overall results. We performed 160 experiments (20 test problems with 8 noise levels for each problem). Table 1 shows how many times each parameter choice ranked first, second, and so forth. For these test problems, the MR rule performed the best, though not by a wide margin, followed by the quasi-optimality and L-curve criteria. Reginska's rule was somewhat less effective, while the Hanke-Raus and GCV rules were much less effective. Table 2 shows the mean and median error ratio and the Borda count for each method over all 1600 trials. These data also suggest that the MR rule performs the best on these test problems, although the quasi-optimality rule has a slightly smaller median error ratio and also a slightly smaller Borda count. The L-curve and Reginska rules are next best, with the Hanke-Raus and GCV rules appearing least effective.
Comparison of the mean and median error ratios suggests that some of the methods fail badly for certain trials. Table 3 shows the number of times each method produced an error ratio greater than R for R = 10, 100, 1000. The results show that the MR is the most robust method, followed by the L-curve, Reginska, and HankeRaus rules. The quasi-optimality rule is noticeably less robust, and the GCV approach is the least robust of all.
Finally, Tables 4 and 5 show the results for all methods, organized by noise level. For larger errors, the L-curve and quasi-optimality criteria define the best Table 1 The number of times each parameter choice rule achieved each rank in the 160 experiments. Ties were allowed. (Thus each row sums to 160, but the columns need not sum to 160.) Method  1st 2nd 3rd 4th 5th 6th  MR  92  20  23  23  2  0  Quasi-optimality  87  16  13  32  5  7  L-curve  84  24  12  22  17  1  Reginska  79  22  18  17  11  13  Hanke-Raus  55  9  10  11  42  33  GCV  30  9  10  19  41  51   Table 2 The mean and median error ratios and total Borda count for all methods over all trials.
Method
Mean error ratio Median error ratio Borda count MR approach was the best, GCV was noticeably less effective, and Reginska's rule was much less effective than GCV. However, it is difficult to compare their results with ours because their test problems were so different from ours. The authors considered randomly generated ill-conditioned systems Ax = b with the singular values of A ∈ R n×n of the form σ k ≈ k −µ . The chosen values of n and µ were such that all the test matrices A were of full numerical rank and most had a condition number of less than 10 8 . By contrast, of the 20 test matrices considered in this paper, 15 were numerically singular and most of these had a large null space. As noted above, it is expected that Reginska's rule will perform poorly on a square system based on a full-rank matrix.
Hämarik, Palm, and Raus [10] studied the performance of numerous parameterchoice rules, including the quasi-optimality and Hanke-Raus rules, on ten problems from Hansen's test set. With respect to the quasi-optimality rule, their results are generally consistent with ours, but they found the Hanke-Raus rule to perform much worse than we did.
Appendix: Test problems. The problems baart, deriv2, foxgood, gravity, heat, ilaplace, phillips, shaw, spikes, ursell, and wing are taken from Hansen's collection [14] of test problems. Each problem was discretized so that the approximate solution lay in R 100 and, for all but two, so that the data also lay in R 100 . The problems deriv2, heat, and phillips were discretized to produce matrices A ∈ R
200×100
because the matrices are full rank, or nearly so. The problem ursell is defined by the same operator as in [14] , but a square-integrable solution (namely, f (t) = t(1 − t)) was chosen.
baker3 [2] . Discretization of the integral equation The exact solution is f (t) = e t . The discretization is performed by the midpoint rule on a uniform mesh of 100 elements.
groetsch2.3 [9] . Discretization of the integral equation The exact solution is f (t) = 40 + 5 cos ((100 − t)/5) + 2.5 cos (2(100 − t)/2.5) + 1.25 cos (4(100 − t)/2).
The operator is discretized by the midpoint rule on a mesh with 200 elements and the exact data is generated by applying the discretized operator to the exact solution. groetsch2.5 [9] . Discretization of the integral equation sin (ns) sin (nt) n .
For our computations, we approximate k by the first 100 terms of this series, and discretize the integral equation using the midpoint rule on a uniform mesh of 100 elements. The exact solution is f (t) = t(π − t) and the exact data is generated by applying the discretized operator to the exact solution. Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Fig. 1 . The mesh for problems WangXiao, Gaussian2Dver1, Gaussian2Dver2, and LogisticKernel2D.
indramm [17] . Discretization of the integral equation The exact solution is f (t) = t. The equation is discretized by the midpoint rule on a uniform mesh with 100 elements. wazwaz2 [34] . Discretization of the integral equation The exact solution is f (t) = cos (t). The equation is discretized by the midpoint rule on a uniform mesh with 100 elements. The 4 remaining test problems are all first-kind integral equations defined on the unit square (0, 1) × (0, 1); that is, each asks for an estimate of f in the equation k(x, y, s, t)f (s, t) ds dt = g(x, y), (x, y) ∈ (0, 1) × (0, 1), from a measurement of the right-hand side g. The kernel k and the data g differ for each problem. Each was discretized by projecting the kernel onto the tensor-product finite element space defined by continuous piecewise linear function on the mesh shown in Figure 1 . This mesh has 400 triangular elements and 221 nodes, which means that the discretized operator is represented by a 221 × 221 matrix.
WangXiao [33] . The kernel is k(x, y, s, t) = e
